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Some recent work on the phenomenological theory of isothermal rubber elasticity for homogeneous biaxial 
deformations is extended to the thermoelastic case. Within this phenomenological framework some new 
general results are established and then applied to consideration of strain induced volume dilation, the notion 
of anisotropy of compressibility and the energetic contribution to the stress. Certain thermodynamic 
relations are also examined and reviewed in the light of the phenomenological results. 
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(1) I N T R O D U C T I O N  

In this paper attention is focussed on homogeneous 
deformations of rubberlike materials subject to biaxial 
and uniaxial stresses in the presence of hydrostatic 
pressure. The approach is primarily phenomenological, 
and it is assumed that the response of rubberlike materials 
can be described within the framework of isotropic 
thermoelasticity theory on the basis of the Helmholtz free 
energy function. The formulation of the basic stress- 
deformation relations appropriate to the isothermal 
situation given by Ogden 1-3 is generalized to allow for 
temperature changes. In particular, for any temperature 
T (> 0) general relations between the biaxial stresses t~, 
tz, the pressure P, the volume ratio J and the 'modified' 
principal stretches 2* ~- 21J - 1/3, ,~,~, = j, z j  - 1/3 are 
obtained, where 2 t, 22 are principal stretches relative to 
an arbitrary reference configuration. These relations 
embrace those given by Chadwick 4 and Chadwick and 
Creasy 5, who were concerned principally with the case of 
uniaxial stress. 

For a general (isotropic) form of the Helmholtz free 
energy function we analyse the volume dilation 
accompanying deformation and the strain-induced 
anisotropy of compressibility for both biaxial and 
uniaxial states of stress, generalizing previous results 
described by Ogden 1'6 and references therein. The notion 
of isotropy of compressibility, which arose initially from 
thermodynamic considerations 7'8 relating to the 
contribution to the stress from the internal energy, is 
shown to be independent of reference configuration. We 
emphasize that the expression that we give for the 
anisotropy factor of Elliott and Lippmann 7 is valid for an 
arbitrary form of Helmholtz free energy function, and can 
be specialized for any particular model of the network 
response function. 

The energetic contribution to the stress is a quantity 
which has received much attention in the literature (see, 
for example, the review by Shen and Croucherg). It is 
expressible in terms of experimentally determinable 
thermodynamic quantities, but only after certain 

assumptions have been made; in particular, a specific 
form for the anisotropy factor has to be either chosen or 
derived on the basis of a specific model. For  the case of 
uniaxial stress Creasy ~° has shown that the energetic 
contribution can be derived alternatively by using an 
explicit phenomenological model of rubber thermo- 
elasticity. Further discussion of this approach is 
contained in Chadwick and Creasy 5. Here we examine 
the energetic contribution to biaxial states of stress and 
we derive a number of general formulae. These formulae 
are then used to obtain results for particular 
phenomenological models, including the modified 
entropic model of Chadwick and Creasy 5. 

The importance of the interplay between the 
thermodynamic and phenomenological approaches is 
emphasized and the need for additional experimental 
data, particularly biaxial data, is highlighted. 

(2) THERMOELASTIC DEFORMATIONS 

We consider a cuboidal specimen of homogeneous 
material unstressed at a uniform temperature T 0. We 
denote this natural configuration by N O . Suppose that the 
material is heated to a uniform temperature T, and 
deformed homogeneously parallel to the edges of the 
cuboid; let the principal stretches 21, 22, 23 represent the 
(positive) ratios of the lengths of the deformed edges of the 
cuboid to the corresponding lengths in N o . The 
associated principal Cauchy stresses (per unit deformed 
area of cross-section) are denoted by t~, t 2, t 3. 

Material which is isotropic relative to N o is 
characterized by the Helmholtz free energy A(21,22,23,T) 
per unit mass, which depends symmetrically on 21 , 2 z, 23. 

Let N denote the current (deformed) configuration at 
temperature T. Then, the densities Po, P of the material in 
No and N respectively are related by 

where 

p=po J-1 (1) 

J =212223 (2) 
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The principal Cauchy stresses are given by 

0A 
t ~ = p 2 ~  i=  1,2,3 

and the entropy S by 

(3) 

OA 
S = - - -  (4) 

0T 

The internal energy U (per unit mass) is related to A 
and S by 

A = U -  TS (5) 

so that equation (3) may also be written 

0U T 0S 
t i = p 2 , ~ - p  2 r0-~- i i=  1,2,3 (6) 

where, in general, U and S each depend on 21, 22, 23 and 
T. 

In order to distinguish the dilatational and distortional 
parts of the deformation we define the modified stretches 

2"=J-1/32i i=1 ,2 ,3  (7) 

as in the isothermal case a, so that 

2 " • * • *  = 1 (8) 1 ~" 2 "~ 3 

Since only two of the modified stretches a~e independent, 
we now regard 2", 2~', J and T as the independent 
variables and define 

^ , , _ 1 / 3  , 1 / 3  , 1 / 3  , - 1  , - 1  
A ( 2 1 , 2 2 , J , r  )=A(J  h i ,J  2 2,J h I 22 ,T) 

It then follows that 

oA o2 
t 1 - t 3 = p2~'O-f~, t 2 - t3 = p2*0),~, (9) 

and 

o2 
½(t, + t2 + t3) = pJ~f ,  (10) 

o.8 
S=  - - - -  (11) 

OT 

In the natural configuration N O we must have 

o2 T, o /t(1,1,1,To)=0, ~ , (1 ,1 ,1 ,  o)= , a = l , 2  (12) 

~ ,  (1,1,1,To) = 2#°, ~ ( 1 , 1 , 1 , T o )  = 4 p° a = l , 2  
021022 Po cz, Po 

(13) 

02-~ Xo 
(1,1,1,To) = 0 , (1,1,1,To) = - -  (14) 

0J; Po 

where #o and Xo denote respectively the shear modulus 
and bulk modulus in No. 

For any fixed temperature, A, and hence A, can be 
determined from triaxial experiments in which 2~', 2~', J 
are varied independently, with t x - t  a, t2- t3 and 
½(t~ + t2+t3)  as dependent variables. Since t l - t 3  and 
t 2 - -  t 3 are unaffected by a superposed pressure P we may 
alternatively set t 3 = 0 and take q ,  t 2 and P as dependent 
variables. The appropriate stress-deformation relations 
are then 

o2 o2 
t, = p2~'02 , ,  t 2 = p2~02,, (15) 

and 

o$ 
½(t, + t2)-- P = P J-fir (16) 

Instead of t 1, t 2 it will sometimes be preferable to make 
use of the corresponding components of nominal (or 
engineering) stress sl, s2 (measured per unit cross- 
sectional area in No). These are given by 

o2 
Sl =j•l l t l  =pj2/3 

( 1 7 )  

o~ 
s2 = j2 2 lt2 = p j2/3 02'~ 

For the special case of uniaxial tension with t 2 = 0 and 
2 " - ~ * - ~  equations (15)-(17) specialize to 2 - -  *~1 

o2 o2 
t I =p2~02, , ~t 1 - - P = p J ~  (18) 

a2  
Sl =p j2~3 (19) 0;,~' 

where 

A(2*,J,T) = 2(2~,).~ -½,J,T) (20) 

For purely isothermal deformations full details of the 
derivations of the equations which are generalized by 
equations (_9)-(20) can be found in refs. 1-3. 

Now let N be an arbitrary configuration at_temperature 
T, related to No by a pure dilatation. If 21, 22, 23 denote 
the stretches in N relative to ~r then 

2 i = J -  1/32 i (21) 

and 

21222 3 = d/J= ~/p (22) 

where ~ is the density in N and 

J=Po/P (23) 

Relative to ~r the modified stretches are given by 

~* = (j/ j)-I/3~i = j -1/321 = 2~ 

Thus they are independent of the choice of reference 
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configuration N. Since equations_(15) and (16) are 
unaffected by replacing J by J/d their structure is 
likewise independent of N. 

If /V is a natural configuration then it follows from 
equation (16) that 

A 

~ ( 1 , 1  ,],T)= 0 (24) 

This equation determines J as a function of T subject to 
J = l  when T = T  o . 

For  a material which is mechanically incompressible at 
any fixed temperature T we have J=J for all 
deformations, and ~ depends on T through equations (23) 
and (24). 

The shear bulk m o d u l i ,  and x in N at temperature T 
are given by 

_ ~2j _ _ ~2j 
. ~Tw~, (1,1 ,J,T)= 2 p ~ ( 1 , 1  ,J,T)= 4p 

el, g: v /,'f v ,t'~ 

-2~2d 1 1 - T 
o~ ~ T ( ,  ,& )=~: 

c~= 1,2 

(25) 

w i t h .  = . o ,  x = Xo when T = T O and fi = Po. 
Relative to N O the components sl, s2 of nominal stress 

are given by (17). It follows that the corresponding 
components ~1, gz relative to/V are 

"gl = J - 2 / 3 s 1 ,  $2 = J - 2 / 3 s 2  (26) 

(3) STRAIN-INDUCED V O L U M E  DILATION 

From equations (15) and (16) we obtain 

1 -I ~ p_ ~po J 2~.-- --pok1 (27) 

where summation from 1 to 2 is implied by repetition of 
the index ft. This equation provides an expression for P in 
terms of 2", 2~, J and T. When T and P are fixed, 
however, (27) describes (implicitly) the dependence of the 
volume ratio J on the distortional part of the 
deformation, 2", 2~, or equivalently on 21, 22. 

How J varies with deformation under biaxial stress can 
be determined by differentiating (27) with respect to 2* to 
obtain 

/ 

(~)7;p  = 3 J x [ s ~ - i - ~ J ~  * e = l  

fO2J I 1 , ~2j  1 2 .~gJ \  ,2 

(28) 
This generalizes a result given by Ogden I for the purely 
isothermal case with P = 0. 

For  a pure dilatation (2* = 1) equation (28) reduces to 

~2j ) / ~ 2 j  
+ ~ ( 1 , 1 , J , T ) j ~  / ~5-(1 ,1 ,d , r )  
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and, in the configuration N, use of (25) shows that 

- c~ = 1 , 2  ( 2 9 )  
T,P K 

On specializing to the uniaxial case equation (28) 
becomes 

1 

\o2~*l)r,e=(d2J 1 12 * 0 ~  1 1/11,:~(]A~' 
\ 0 j 2  - 7  J -  , on jr?2 , + ~ J -  { 2 " )  

(30) 

and this reduces to ,IlK in ~7. 
For  rubberlike materials ,/~c is of order 10 -4 so that 

volume changes accompanying distortion are small. In 
the isothermal context the mathematical consequences of 
the assumption that (0J/~?2*)r, remains of order p/x as 
distortion proceeds under biaxial or uniaxial stress have 
been fully explored by Ogden 1'6. In particular, for 
uniaxial stress particular forms of the strain-energy 
function have been used to examine equations (27) and 
(30) in detail (with the temperature fixed at T O 
throughout). We shall not therefore discuss this aspect of 
the theory further in this paper. 

It is instructive to relate the above to corresponding 
formulae which arise in the thermodynamic approach, in 
which different variables are used. Let V and V o denote 
the volume of the material in the current and reference 
configurations, N and N O respectively, and L= and L0~ the 
lengths of the sides in N and No such that 

V=JV o, L. =2=Lo= e = l , 2  (31) 

At fixed P and T the strain-induced volume dilation 
coefficient (OV/OL,)p,T is expressible in terms of the 
phenomenological variables through 

c~ = 1, 2 (32) 

Moreover, in terms of the modified stretches it can be 
shown that 

Hence an explicit expression is obtainable for (OV/OL,)v,r, 
by use of equation (30),for an arbitrary form of Helmholtz 
free-energy function when the stresses are biaxial. 

For the uniaxial case with L 1 = L the above specializes 
to provide an expression for (3V/#L)ez, which plays a 
prominent role in the thermoelastic literature 8,9,11,12. In 
particular, equation (33) becomes 

(~l).,r=J-li3(~)v,r/{l+lj-12'(~)e.r}(34) 

For an analysis of (3V/~gL)p,r in respect of particular 
material models we refer to the work of Price ~l. It is 
worth remarking here that Flory 12 considered that 
theoretical evaluation of (~9 V/~gL)p,r required commitment 
to a model. In the light of the above calculation we now 
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emphasize that this is not the case. However, results for 
any specific model can be obtained in either the uniaxial 
or biaxial case by appropriate substitution for ,4 or 
respectively. 

(4) ANISOTROPY OF LINEAR 
COMPRESSIBILITY 

In the thermodynamic theory the uniaxial load is usually 
denoted by f and this is used in conjunction with the 
variables L, V, P and T. Equation (31) shows how V and L 
(=L~) are related to J and 21. We now note that the 
connection between f and s I is 

S 1 V 0 = f L  o (35) 

The standard thermodynamic identity 

(gL ]p,T \(?P,IL, r (36) 

is then equivalent to 

O~-),,r = \ ~ / a , . r  (37) 

Equation (36) has been used extensively in the 
literature 9'1 ~ as a means of estimating the volume dilation 
coefficient (dV/OL)p,r in terms of other coefficients which 
are more easily accessible to experimental determination. 
In particular, equation (36) can be recast in the form 

(~--~)p,r:lqLKy(f~fL)l~.r (38) 

or as 

(O~L)p,r=~ILKL(~L)~ r (39, 

These are exact equations, with 

K f= - v \  oP,] ,,T' KL= V\  (~P JL, r (40) 

defining the bulk compressibilities at constant f and L 
respectively and 

3 V [ O L "~ 3~ (9 L'~ / K 
(41) 

defining the anisotropy factor of Elliott and Lippmann 7, 
where -L-1  (OL/Op)i.r is the linear compressibility. 

If r/= 1 the linear compressibility is said to be isotropic, 
±K that is equal to a y. In the reference configuration t/= 1 

exactly, but in general this is not the case, although the 
approximation q = l  can be justified for small 
deformations a. Equation (38), with K s taken as a 
constant, has been used for the indirect experimental 
determination of (cGVlOL)p,r (for references, see Price ll); 
this requires a knowledge of t /and of the elastic modulus 
(af/OL)p,r. Expressions for these in respect of a number of 
different material models have been given in the 
literature 9, ~ ~, 12. 

As we have seen in the previous section, however, a 
general expression for (OV/dL)e.r has been obtained on 
the basis of the phenomenological theory for an arbitrary 
form of Helmholtz free energy function. Thus, from the 
purely theoretical point of view, this obviates the need for 
employing approximations in relation to identities such 
as equations (38) and (39). In particular, the need for an 
approximation to the anisotropy factor t/is avoided by 
this approach. It is worth noting in passing that exact 
thermomechanical expressions for the volume dilation 
coefficient which do not involve q can also be given; for 
example, it can be shown that 

(~V)  (~--fvI =VKJOP~ (42) 
P'r = - VKL, IL,r \cOL/v,r 

and 

V(' ,-KLi0I 
, "\~VJp,r 

(43) 

The first two of these have been used by Flory 12 and 
Creasy 1° amongst others, but equation (43) has not, to 
this author's knowledge, been seen previously. 

Of the coefficients involved on the right-hand sides of 
equations (38), (39), (42) and (43) it is (Of/OL)p,r which is 
the most amenable to experimental determination, but 
this is coupled with r/. 

Although this anisotropy factor is not strictly required 
in the phenomenological context it does arise in 
connection with the energetic contribution to the stress 
(as we see in the next section), essentially through use of 
equation (38). It is useful, therefore, to provide a general 
formula for q, and this we now do in respect of the 
phenomenological theory. We remark that, as with 
(~V/6~L)p,T, t I does not require a specific model for its 
evaluation. 

First, from equations (31), (41) and equation (7), we 
have 

= 1 = 3 J 2 " -  7 . . /  q -  1 3J2i-1 s,,r-- t aJ Js,,r (44) 

for uniaxial stress s 1 (with $2=0 ). For fixed s 1 and T 
equation (19) provides a relation between 2* and J, from 
which we obtain 

j(o2*~ / 1 ~ 2 .  . ~22. ~ io22 * 
(45) 

The requirement of isotropy of linear compressibility 
therefore amounts to the vanishing of equation (45). 
Since, from equation (26), sl =J-2/3s1, and a v depends 
only on T, it follows that the formula equation (45) is 
independent of the choice of reference temperature and 
configuration. But the actual value of equation (45) does 
depend on T in general. For T = T O the result of equation 
(45) was given by Ogden 6. 

For illustration, we choose (relative to N) 

[)A(~l,~2,~t3,T)=½fljm- 2/3(22 -~- 22 -~- 21) + g(J ,T)  

a modified form of the Gaussian model, where g is a 
function of J and T,/L depends on T and m is a constant. 
This yields 
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1) 
t/= 1 + ( I -  3 " u ( - ~ +  2) 

which reduces to the Gaussian formula ~2 

3 
r/=2],3 +2  

when m= 2. 
The resulting equation (45) can be extended to the case 

of biaxial stresses to determine the coefficients 
J(632*/63J)~,.r for ~= 1,2 at fixed % (fl = 1,2). For future 
reference we record that differentiation of equation (17) 
with respect to J using equation (1) yields 

j(632.'\ 
(~2/] // l  63/] 632~ \ 632/] //1 63/] 632/] ",~ 

632t J 

in full generality, and similarly for J(O2~/63J)~,.r. 
Corresponding expressions for the bulk compress- 

ibilities at fixed %, 2 8 or 2~' (generalizations of equation 
(40) in particular) can be obtained along similar lines. 
Further, the linear compressibilities at fixed % can then be 
expressed in the form 

For simplicity we illustrate this in the uniaxial context. 
From equation (27) appropriately specialized we 

obtain 

1 ( [ J ' ] , I i ' j z 6 3 2 A  12, J 32/t 12,63A1-' (46) 

and it can also be shown that 

63J 63J 

and 

63P)z,,T \?~PJzt,T[ 

Since, for rubberlike materials, (63J/632T)p, r is of order 
10 .4 we have established in general terms that the bulk 
compressibilities at fixed s 1, 21 and 2~ < respectively differ 
only by a term of this order, and for many purposes can be 
regarded as equivalent. This is the usual practice in the 
literature. In particular, in equations (38), (39) and (42) 
the identification KL= K I is legitimate, but in equation 
(43) the difference must be taken into consideration. In 
the former case it can be seen from equation (46) that each 
may be approximated as 

/02~\-  1 
pj2 ~STr2 

since the remaining terms are of order ~/~c compared with 
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02A/63J 2. In the isothermal context this latter 
approximation has been explored fully and exploited by 
Ogden 1. 

(5) ENERGETIC CONTRIBUTION TO 
THE STRESS 

Suppose that, when expressed in terms of 2*, ,i~, J and 
the internal energy and entropy are written as U and S 
respectively, analogously to the definition of /]. Then 
equation (5) becomes 

/1 = U - TS (47) 

and the stress~teformation relations can be written 

sc ~ = po J - 1/3 63~ /3 ~0 63S 02~ = p°J  - i _ _ _  Po T J  - 1/3 
632. 632t 

in conjunction with 

1 1°. 02 632 
P =  ~Po J -  /~ ~ -  P o ~ j  

ct= 1,2 

(48) 

(49) 

relative to No. We recall that summation over/7 from 1 to 
2 is implied in equation (49). 

The energetic contribution to the stress in equation 
(48), s e say, is defined as 

s~=poJ  1/3630 (50) 
632* 

From equations (48) and (50) it therefore follows that 

(51) 

where the subscript 2 8 represents (21,22). 
Considerable effort has been devoted in the literature to 

deriving expressions for the ratio s~/s, for the uniaxial case 
(ct=l with s2=0) and to comparing these with 
experimental data (much of this work is summarized by 
Shen and Croucherg). Here we obtain some new 
theoretical results for the biaxial case and we note that 
their specialization to s2=0 embraces previously 
established formulae. 

Equation (51) can be rewritten in a number of different 
ways depending on which independent variables are 
selected. First, we note that 

s:=s~<- \63Tie,, ,  K, : \~%Ie .T  (52) 

where Ka is the bulk compressibility and 17 the thermal 
expansion coefficient at fixed 21 , 22 . Thus 

lff63J ~ I f  63J \ 
/7 -- 63 T ) ,  (53) 

The derivation of equation (52) makes use of the identity 

==1,2 
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which generalizes equation (37).  The coefficient 
(OJ/O2~)e.r in equation (52) is expressible in terms of 
biaxial anisotropy factors by means of a generalization of 
equation (38) to this case, or, alternatively, can be given 
explicit form through equations (33) and (28). 

An equation equivalent to equation (52) which is also 
exact is 

e__ __ T(~S~t~ __/3Tj2/3(~_o,~ 
S~--S~ \63T /Ip,;~ ̀ \ Aat/]J,T (54) 

and equation (49) may be used to give the latter term 
explicit form in terms of t]. The final equivalent form that 
we mention here is 

e II~Sa~ Tj(~s~t~ (55) s, = s~ - T / ~ - )  . +/3" 
\ /e ,~ ,  \ OJ i # r,;~ 

where 

/3* l~aa~ 

We note the connection 

(56) 

fl*=/3{1 1 ~2,f OJ\ ) 
+J- 't k,k 

and hence, in the light of the discussion in Section 3, we 
deduce the approximation fl* ~fl ,  which may be used in 
equation (55). 

We emphasize that equations (52), (54) and (55) are 
completely general for biaxial stresses in the presence of 
hydrostatic pressure. The specialization of equation (52) 
to the uniaxial case yields results noted previously 9-12, 
but corresponding specializations of equations (54) and 
(55) with the independent variables used here have not, to 
this author's knowledge, appeared in the literature before. 
The uniaxial counterpart of equation (52) and its variants 
expressed in terms of the modulus (~S1/~21)p, T and the 
anisotropy factor or in terms of (tOs~/OP)w, ' can be related 
directly to experimental data 9'~ 1 in order to determine the 
ratio se~/s~ for particular ranges of deformation. A more 
compact expression for this ratio is simply 

SellSI = ~ I  ~2~ 

where ,4 is defined by equation (20) and l_7 similarly. 
However, if the function A is known then 

~2 
U = A - T - -  

~T 

is determined, and 

sel/s, = 1 - -  T~182,tc , c,~.f l (57) 

is described in terms of A and its derivatives. Thus, the 
phenomenological theory in which the form of the 
Helmholtz free energy is established can provide a check 
on the values of s]/s 1 obtained by other means. 

For biaxial stresses equation (57) generalizes to 

s~/s~= 1 -  ~T021/02* ot = 1,2 (58) 

We now illustrate theapplication of equation (58) to some 
particular forms of A. First we consider a generalization 
of the modified Gaussian model used in Section 4: this is 
given by 

pA=½p(J,T)(2 .2 + 2 *2+2*-22'~-2)+h(J,T) (59) 

with J measured relative to N O and where p(J,T) is 
defined by 

2pIJ,T)=p~(1,1d,T) (60) 

When J = J  the expression (60)coincides with the # 
defined in equation (25), and #(J ,T)= ~(T) was used in 
Section 4. 

Substitution of equation (59) into equation (58) yields 
simply 

T 0p 
s~/s~ = 1 - - - - - -  ct = 1,2 (61) 

p dT 

We note that the right-hand side of equation (61) has the 
same value for each of ct = 1 and a = 2, is independent of 
the distortion, but depends on J through ft. At constant 
pressure J depends on T and equation (61) may be 
rewritten as 

T dp TiOp'~ ftOJ'~ 
s:/s~= l - ;  dT + ; t ~ ) r t ~ ) p , z  , 

or, by use of equation (56), as 

T dp . JTfl*f~#'~ se/s, = 1 (62) 
. dr ~ b T J T  

If p is proportional to j-1/3 the final term in this 
expression simplifies to - ½fl* T and the result for the neo- 
Hookean model described by Shen and Croucher 9 is 
recovered. 

We now turn our attention to the modified entropic 
model of rubber thermoelasticity due to Chadwick and 
Creasy 5. For this model it is assumed that the internal 
energy and entropy can be written in the form 

U(21,22,23,T) = U 1 (21,22,23) + U2(T) 

S(21,22 ,23,T) = S 1 (21,22 ,23) -+- S2(T ) 

where U1, S 1 are independent of T and U2, S2 depend 
only on T. A consequence of this is that the free energy is 
expressible in the form 

A(2t,22,23,T)= A(21,22,23,TO~oT ° - U1(21,22,23(~o- 1) 
T 

+ A2(T)-  A2(To)~oTo (63) 

where 

A2(T) = U2(T)- TS2(T). 
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In the notat ion/] ,  0 with -4o = J(2*,).~,J,To) equations 
(48) become 

s =poj_,/3 T dZt o , / 3 ( T _  )dO 
To d2 . po J-  \To 1 ~ ,  (64) 

with s~ as in equation (50). It follows that 

"~0t = 1,2 (65) s~/s~ - [(1 - z~)T/T o + z~] 

where 

o0/0 io 
d~= / dz~ ct = 1,2 (66) 

is independent of T, but in general dependent on J and 2*. 
Equation (65) generalizes the uniaxial formula given by 

Chadwick and Creasy 5 to the biaxial case. Chadwick and 
Creasy have discussed the energetic contribution to the 
stress in some detail for the extension of a cylinder within 
the setting of their phenomenological model. In 
particular, they have examined experimental data in 
relation to specific forms of the functions UI and Ao 
specialized to the considered deformation. We refer to 
their paper for details of their calculations and for an 
assessment of the experimental data. In broad terms there 
is good agreement between theory and experiment, but 
the extent of the data is somewhat limited. There is clearly 
a need for more experimental results for the case of 
uniaxial stress for both large and small deformations. 
More importantly, there is a need for some attempt to be 
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made to obtain biaxial data which can then be assessed 
within the general phenomenological framework 
described here. Experimental determination of the ratio 
s~s~ can be direct, on the basis of equation (51), or 
indirect, through measurement of thermodynamic 
coefficients such as occur in equations (52), (54) or (55). 
The simplest general theoretical form of the ratio is 
equation (58), and this can be related to the data for any 
chosen form of A. This connection between the 
phenomenological theory and the thermodynamic 
approach is emphasized since there is much to be gained 
by a dual attack on the underlying objective, namely the 
characterization of the thermoelastic properties of 
rubberlike materials by means of the Helmholtz free 
energy function. 
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